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Abstract 



We report a new class of rotating charged solutions in 2+1 dimensions. 
These solutions are obtained for Einstein-Maxwell gravity coupled to a dilaton 
field with selfdual electromagnetic fields. The mass and the angular momentum 
of these solutions computed at spatial infinity are finite. The class of solutions 
' considered here have naked singularities and are asymptotically flat. 

o\ 
o . 

■ 1 Introduction 

q-i Interest in 2+1 dimensional gravity has been heighten by the discovery of a black 

hole solution by Banados et al. [Q. This black hole, (named BTZ) has anti-de Sitter 
structure locally and globally differ to anti-de Sitter by identifications done with a 
discrete subgroup of the isometry group of anti-de Sitter space, 5*0(2, 2) 0. It enjoys 
many black hole properties of its counterparts in higher dimensions which makes BTZ 
a suitable model to understand black hole physics in a technically simpler setting. 

Extension of the BTZ black hole with charge have been met with mixed success. 
The first investigation into static charged black holes was done by Banados et al.^. 
Due to the logarithmic nature of the electromagnetic potential, these solutions gave 
rise to unphysical properties [[|. The horizonless static solution with magnetic charge 
were studied by Hirshmann et a/.||, and the persistence of these unphysical proper- 
ties was highlighted by Chan|4]]. Kamata et a/.0 presented a rotating charged black 
hole with self (anti-self) duality imposed on the electromagnetic fields. The resulting 
solutions were asymptotic to an extreme BTZ black hole solution but had diverging 
mass and angular momentum 0. Clement [fj, Fernando and MansourifT]], introduced 
a Chern-Simons term as a regulator to screen the electromagnetic potential and ob- 
tained horizonless charged solutions. 
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In this work, we couple a dilaton to Einstein-Maxwell gravity to obtain rotating 
charged solutions with finite mass and finite angular momentum. It is well known 
that the introduction of a dilaton field drastically changes the space-time structure 
in 3+1 dimensions. Furthermore, studying dilaton gravity is important since it arises 
in low energy string theory. Therefore it is worthwhile to see how the presence of the 
dilaton would modify the BTZ black hole solutions and how it would help in curing 
the divergences occurred in the previous charged solutions. 

Einstein-Maxwell-Dilaton action in 2+1 dimensions is written as follows: 

1 = J d 3 xj\g] \r - 2Ae w - |( V M V„ 0) - e^F 2 } (1) 

Here A is the cosmological constant and we consider the case for A < which cor- 
responds to anti-de Sitter spaces. f3, 7, a, are coupling constant. In this expression 
l/167rG is taken to be 1. The above action is the low energy string action when 
7 = 8, /3 = 4, a = 1. There are several work related to charged solutions to the above 
action. Chan et al. || have studied a one parameter family of static charged dilaton 
black holes which were non-asymptotically anti-de sitter and solutions with cosmolog- 
ical horizons when 4a = (3. Park et. al. M obtained axially symmetric static solutions 
by using a dimensional reduction method. A more general magnetically charged so- 
lution to dilaton gravity was found by Koikawa et By applying T-duality to 



the static electric charged black holes of Chan et al. |14|], Chen|TT[] obtained rotat 



ing charged black hole solutions to Einstein-Maxwell-Dilaton gravity. However, these 
solutions are not the most general rotating charged solutions to Einstein-Maxwell- 
Dilaton gravity. 

The aim of the present paper is to search for rotating charged solutions to Einstein- 
Maxwell-Dilaton gravity with self duality imposed on the electromagnetic fields. The 
plan of the paper is follows. In section 2 we will compute the most general solutions 
with self duality imposed. In section 3 we will impose restrictions on coupling con- 
stants so that the mass and angular momentum are finite. In section 4 we will discuss 
the properties of theses solutions and finally give concluding remarks. 



2 General Solutions 

By extremizing the Lagrangian of the action in equation(l) with respect to the metric 
g^ u , the electromagnetic potential and the dilaton field (f>, one obtains the cor- 
responding field equations for gravitational, electromagnetic and dilaton respectively 
as follows. 

= -2kg^ + e-^{2F lip F^ - g^F Xa F x °) + |(v^)(V^) (2) 

Vm (e" 4 ^F^) = (3) 
- V M Vm0 + 2ae" 4 ^F 2 - fie 13 * A = (4) 
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Let us assume that the three dimensional space-time is stationary and circularly 
symmetric, having two commuting Killing vectors, ^ and t|. Such a space-time 
could be parameterized with a line element as follows: 

ds 2 = -N 2 dt 2 + L- 2 dp 2 + K 2 (d9 + N e dtf (5) 

The functions N, L, K and N e depends only on radial coordinate p. We use the 
tetrad formalism and Cartan structure equations to look for solutions. Obvious non 
coordinate basis for the above metric would be, 

e° = Ndt; e 1 = K(d6 + N e dt); e 2 = L~ x dp (6) 

The indices a, b = 0,1,2 are for the orthonormal basis and p,u = 0,1,2 for the 
coordinate basis with x° = t; x 1 = 9 ; x 2 = p. The non-vanishing components of the 
electromagnetic field tensor in the coordinate basis are given by F tp = E, F p q = B, 
and in the orthonormal basis they are given by F 02 = E, F 2 i = B. They are related 
by, 

(EN - BKN e ) BK 
E = , B = — (7) 



From electromagnetic field equations(3), 



F» = F r6 = ^ (8) 



In order to seek solutions to the gravitational field equations, we make the ansatz that, 
the electric and the magnetic fields are self dual in the orthonormal basis. Therefore, 

E = B = u(p) (9) 

With the use of equations(7,8,9), 

exp[4a0] 



u(p) = -d- 



K 



N»^-% (10) 

Considering the behavior of u — E for flat space-times, we can represent C\ with 
electric charge Q e . A value for C 2 will be assigned later. 

Having used the ansatz of self duality, the gravitational field equations in the 
orthonormal basis takes the following form for a circularly symmetric space time. 
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The gravitational field equations(ll-14), the dilaton field equation(4) and the condi- 
tions (10) leads to the final equations to be solved as follows: 



(LXJ = -4Ae^4 


(15) 


L(HK 2 )' = 2Q 2 e e 4a<t ' 


(16) 




(17) 


-y((f>LX)' = 2A(3e^ 


(18) 


L ( N' K'\ 

NK; H=-\ 

2 1 N K 


(19) 



where, 



Here, the prime is given by d/dp. Equation(15) is obtained by observing that i?oo + 
2A e ^ = R n - 2Ae^. Equation(16) is obtained by the fact that #00 + R11 = -2Roi- 
Equation(17) is just equation(14) rewritten. Equation(18) is the dilaton field equa- 
tions with the self duality imposed. The solution to the above set of equations are, 

X = <nexp( ) 



L = 



exp(^- 



b (, 

1 ' Ci-ir" K 2 j_ (4«-f)(4«-/3 + ^) 



K 2 = a 2 exp(^^) - j^\zexp{-^-) - — ^Q^—-^-exp{{Aa - 0)<j>) 



(20) 

Here 6q = ^pn^ - and the above solutions are valid only when > 0, (4a — |) 7^ 0, 
(4a — (3 + -j) 7^ 0, and (3 7^ 0. Here a± : a 2) are integrating constants. 

From the above equations it is clear that the all the functions N, L, K, N e depend 
on the dilaton field 0. In order to compare these solutions with the previously obtained 
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dilaton solutions and also to see the correspondence with the BTZ black hole we pick 
L to be the following. 

L= iW-ar (21) 

Here, u and p\ are constants which would be determined by imposing some restric- 
tions on the solutions to give finite mass and finite angular momentum. Note that 
equation(21) is equivalent to the dilaton field and X been, 

= In (hip* -pl) 2 -^); X= |A|VV - pD^ (22) 

where b x = [ 4fco (_ a; ^.i- ) | A |i/2 ]~ 2///3 an d a,i is normalized so that a^ 13 = lAj 1 / 2 . By 
substituting into equation(20), 

K 2 = MP 2 -ftf^ +MP 2 -P 2 o) { -" +1) + QI(P 2 -pl) 2J ^f^ (23) 

where a 2 = a 2 \ , a 3 = ( ^_| ) , Q e = ^Zfj(i£^S) - We restrict a; / 1. 
Otherwise the dilaton would be a constant and the solutions would be trivial. 



3 Quasilocal Mass and Angular Momentum 

In this section, we will impose restrictions on the values of a, /3, 7, u so that the above 
solutions have finite mass and finite angular momentum. Also we will interpret the 
integrating constants a±, a 2 , cl 3 as appropriate physical constants. Here we will adopt 
the prescription of Brown et. al. [[EJ [T3| in computing mass and angular momentum. 

3.1 Quasilocal Angular Momentum 

The quasilocal angular momentum according to the prescription given by Brown 
etal.@ JTJ is, 

T/ x K 3 N 9 'L , . 

J(P) = — j^- (24) 

For the metric in equation(20) it is equivalent to, 

J(p) = -2HK 2 (25) 

From equations(19) and (23), 

K>H = -|A|V^ 3 - 2\A\tQ 2 /f ~ D(« " D(/ " ti)*^ 1 (26) 
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Hence for large p, J(p) becomes finite only if 

("-l)(j-l)<0 (27) 

Since to 7^ 1 and (8a — (3) 7^ 0, the present class of solutions will obey strictly smaller 
condition for equation(27). Hence, 

lim J(p) = J = 2\A\h 3 (28) 

3.2 Quasilocal Mass 

From the definition of Brown et. al. \Y1\ |T3| , the quasilocal mass is given by, 

M(p) = 2N(p) [L (p) - L{p)\) - J(p)N e (p) (29) 

Here, Lo(p) is chosen to be the reference when there is zero mass. In comparison with 
the BTZ black hole we choose 

L = (L) po=0 = lAI 1 / 2 ^- (30) 
Consider the first term in equation(29), 

2N{L — L) = (ujplp^- 3 ) + lower order terms of p) (31) 

For finite mass, (X/K) should behave as p n with n < — (2u— 3). If n < — (2u— 3), then 
this solution will correspond to the "massless" BTZ solution for appropriate limits. 
Hence to avoid such extreme cases, we would pick n to be (— 2u + 3). Therefore, since 
at large p, 

8 7 (-^+l) 

X -> p P (32) 



K should behave as, 



K pt^+^-s)) (33) 



for large p for n = (— 2u + 3). Now, we will consider N e term at large p. 

To impose the boundary condition N e (oo) = 0, X/K 2 has to converge for p — > 00. 
With the constraint in equation(33) it means, 

(-o; + l)(-p + 4) + 2<0 (35) 
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To approximate the behavior of K 2 to be p 2 at large and small p, we assume all terms 
in K 2 has positive powers of p 2 . Considering the fact that 03 (p 2 — pffi term 
in K 2 is proportional to the angular momentum, to take appropriate limits, we take 

02 (p 2 — Po) ^ term to be the dominant power of K 2 . Without loss of generality 
we assume a 2 = 1. Hence 

A'li-uo + 1) 

; - > (-u + 1 > 



(3 2 

2{Aa-(3){uj- 1) 



> (36) 



and from equation(33) and assumptions in equation(36), u = jfpfjp)- With all these 
preliminaries, 

\imN d (p) = (\A\^ 2 -C 2 /C 1 ) (37) 
To impose N e {oo) = 0, we let C 2 = |A| 1/2 Ci. Hence, 



Hm M(p) = M = 2\A\lu P 2 (38) 



leading to pi 



M 
2|A|cj- 



4 Exact Solutions with Finite Mass and Finite 
Angular momentum 

With the above preliminaries, the final form of the solutions with finite mass and 
finite angular momentum is, 



L = 



\ 11/2/ 2 2W 

M 1 (p ~ Po) 



N 



P 

\a\ i/2 {p 2 - p 2 y- 2uj+3) 

K 

K 



K 2 = (P 2 - P ir 2 ^ + a 3 (p 2 - plf-^ + QI(P 2 - pD^^^ (39) 
<P = ln(b l {p 2 -pl)- i ^ 1 ) (40) 



With uj = (4^_^2) , Po — 2[K\^ anc ^ a 3 = ~^~J m ^ ne electromagnetic potential is 



2|A|2 

A = A„dx» = (p2 ~ P ° )m ( lA^dt + dO) . (41) 
2m 



where m = 2(^-2% • From the constraint imposed in equation(27), it is obvious that 
m < 0. Hence, the potential is finite at large p. Therefore, the presence of the dilaton 
"screens" the electromagnetic potential. To clarify this further, if we look at dilaton 
field in flat space for self-dual case as considered above, the values for E and B would 
be Q e exp[4:ab ]/ p. Hence the potential A t = Q e r 4ab ° /(4a6 ) is finite for 4abo < 0. 
Therefore the presence of the dilaton modifies the Coulomb force in 2+1 dimensions. 
We may recall that in ||0, a topological mass term m p e a/37 v4 a Fg 7 was introduced 
to Einstein-Maxwell gravity to cure the divergences of the quasilocal mass M which 
gives a similar effect to the Coulomb force. If we compare the electric field in three 
separate cases, 

O (1 n 4:abo (1 p- m pP 

TP — _l£ TP — TP — ^ e (AO\ 

{-"Coulomb ^ Dilaton {-"topological V / 

P P P 

the topological mass term has a better regulating effect in comparison with the dilaton 
field. 



4.1 Causal Structure 

The curvature scalars in 2+1 dimensions are R, RapR 0113 and detR a p/ detg a p. For 
the above solutions, with j,P,a 7^ and for M > 0, all of them diverge at p = po 
and finite everywhere else. Hence the curvature singularity at p = po is a naked 
singularity without horizons. However, K 2 which is the gee term in the metric has 
to be positive to avoid closed time like curves since 9 is a periodic coordinate. Even 
with the constraints imposed on the parameters a, /3, 7, there is a possibility that K 2 
would become negative. Hence one has to include the possibility of closed time like 



curves for these solutions. The scalar curvature R is (6A + 2^)(p ~ Po) 2 • Since 
(1 — uj) > 0, R —>■ for large p. Therefore the solution becomes flat asymptotically. 

4.2 The relation with BTZ Black Hole 

Note that above discussion is for when 7, j3 and a is non vanishing. To see the 
correspondence of the above solutions with BTZ black hole, let us take the limit 
uj — ► 1 and Q e — > 0. Then, 

M^2\A\p 2 ; 0^0; K 2 - (p 2 - p 2 ) + a 3 (43) 

If Pq = a 3 then M = |A| X / 2 J with the following metric, 

| A |l/2( p 2_ m ^ 

P 

K -»• p 



N 



2|A|V2. 
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N>^± (44) 

Hence the solution obtained in this work approaches an extreme BTZ black hole as 
a special case. The presence of the dilaton and charge have left the BTZ space-time 
horizonless and asymptotically flat. 



5 Conclusions 

We have obtained a family of rotating charged solutions to Einstein-Maxwell-Dilaton 
gravity in 2+1 dimensions. Here we have imposed self duality on the electric and 
magnetic field to facilitate solve the field equations exactly. With certain constraints 
on the coupling constants 7, f3 and a, we obtained solutions with finite mass and finite 
angular momentum. For non-zero values of a (3 and 7, the class of solutions considered 
in this paper are horizonless, have naked singularities and are asymptotically flat. 
These solutions approaches the extreme BTZ black hole solutions as a special case 
for a, [3, 7 — > 0. The presence of the dilaton "screens" the electromagnetic potential 
and modifies the structure of the space-time considerably. However, since the metric 
depends on the dilaton as it is clear from equation(20), one may use other polynomial 
functions for the dilaton field in these solutions to understand how the space-time 
structure changes accordingly. It is also a question how a massive dilaton would 
effect the space-time structure of the above solutions. In extending this work it may 
be possible to include a potential of the form V{4>) = 2A 1 e /3l9i + 2A 2 e /32<?i to the action 
considered in this paper. These kind of potentials are investigated in dimensions 



n > 4 and have shown the possibility of having three horizons by Chan et al. [14|. It 
would be interesting to see whether one can construct rotating charged dilaton black 
holes with the above potential in 2+1 dimensions. 

We may recall that Chen JTIJ obtained rotating charged black hole solutions for 
dilaton gravity with 7 = 4 and 4a = /3 by a T-duality transformation on the static 
charged black holes of Chan et al. ||. The solutions obtained in this paper are for 
more general values of a, j3, 7 and they are not T-dual to the solutions of Chen fliTf . 
Furthermore instead of Maxwell fields, one can include Yang-Mills fields to study the 
space-time structure for dilaton gravity in 2+1 dimensions which we hope to report 
elsewhere. 
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